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Abstract
Rayleigh waves are analysed in gyroscopic elastic systems. The in-plane
vector problems of elasticity for a triangular lattice and its long-wavelength/
low-frequency continuum approximation are considered. The analytical
procedure for the derivation of the Rayleigh dispersion relation is fully
detailed and, remarkably, explicit solutions for the Rayleigh waves for
both the discrete and continuous systems are found. The dispersion at
low wavenumbers and the softening induced by the gyricity are shown.
Despite of the symmetry of the dispersion curves with respect to the
wavenumber, the presence of the gyroscopic effect breaks the symmetry
of the eigenmodes and makes the system non-reciprocal. Such an uncom-
mon effect is demonstrated in a set of numerical computations, where a
point force applied on the boundary generates surface and bulk waves that
do not propagate symmetrically from the source.
Keywords. Rayleigh waves, Mechanical metamaterial, Micro-structured
elastic medium, Dispersion properties, Gyroscopic continuum, Energy flow.
1 Introduction
Rayleigh waves represent a special class of mechanical waves that are localised
on the surface of a medium. Named after Lord Rayleigh (1885), who was the first
to predict their existence, these waves travel along the free surface of and decay
exponentially perpendicular to the boundary of the medium. Their speed of
propagation is lower than the velocities of pressure and shear waves, propagating
in the bulk. Indeed, when an earthquake occurs, Rayleigh waves are detected
after the arrival of pressure and shear waves. On the other hand, these faster
waves have smaller amplitudes than the slower Rayleigh waves, hence surface
waves are usually more harmful than bulk waves.
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In engineering, Rayleigh waves are of great importance and have diverse
applications, ranging from material characterisation in non-destructive testing
to mining exploration. In fact, Rayleigh waves are ubiquitous and arise in
many scenarios that occur in the urban environment, including construction
work, demolition, vehicular traffic and pedestrian movement. Further, Rayleigh
waves play an important role in the design of electronic instruments that utilise
piezo-electric materials capable of transforming mechanical energy to electric
energy and vice versa. Examples involve sensors, filters and resonators amongst
others. With regard to potentially enhancing these instruments, here we develop
an elastic micro-structured device that exploits gyroscopic effects to control the
flow of energy attributed to surface waves.
Rayleigh waves travelling on the surface of a linear elastic isotropic con-
tinuum have been studied in depth in the literature. The classical textbooks
by Viktorov (1967), Achenbach (1973) and Graff (1975) are some examples of
the many monographs on waves in elastic solids where the features of Rayleigh
waves are discussed in great length. Nonetheless, the explicit form for the speed
of propagation of Rayleigh waves, which depends on the Poisson’s ratio of the
material, is generally absent in textbooks. The determination of the velocity
of Rayleigh waves was investigated in many papers, see for example the study
by Hayes & Rivlin (1962). However, only relatively recently the expression
for the speed of Rayleigh waves was provided explicitly by Rahman & Barber
(1995) and, incidentally, we report here a compact form of this explicit solution.
Chandrasekharaiah (1987) has studied the effects of voids on the propagation
of Rayleigh waves in elastic half-spaces, whereas Liu et al. (1996) and Wang et
al. (2019) considered the influence of cracks on these wave processes. In addi-
tion, the propagation of such surface states has been investigated for different
types of media, for instance, see the work of Chiri & Ghiba (2012) for Cosserat
materials, Akbarov & Ozisik (2003) for pre-stressed and Vinh & Giang (2010)
for pre-strained materials. In addition, surfaces waves in anisotropic media and
thermo-elastic have been studied by Vinh & Anh (2014),Vinh & Hue (2014) and
Tomita & Shindo (1979),Abouelregal (2011), respectively. Rayleigh-type waves
in materials with micro-structure and couple-stress effects were investigated by
Georgiadis & Velgaki (2003). Nobili et al. (2020) have also considered surface
resonances in thin plates in the framework of couple-stress elasticity.
In elastic media consisting of units that repeat periodically in space, surface
waves are usually denoted as Rayleigh-Bloch waves. The existence of such waves
and their connection with trapped modes in the presence of periodic gratings
were analysed in scalar systems by Porter & Evans (1999), Linton & McIver
(2002),Porter & Evans (2005) and Antonakakis et al. (2014). Similar analyses
for plates have been tackled by Evans & Porter (2008),Haslinger et al. (2017),
Morvaridi et al. (2018) and for in-plane vector elastic systems by Colquitt et al.
(2015). In the context of electromagnetism, Rayleigh-Bloch waves propagating
along linear arrays of spheres were examined in the work of Linton et al. (2013).
Conversion of surface waves into bulk waves by means of rods with varying
length, placed on an elastic half-space, was studied by Colombi et al. (2016),
Colquitt et al. (2017) by developing the concept of the “resonant metawedge”.
In couple-stress elasticity, novel Rayleigh-like waves arise and they have been
shown to be dispersive by Graff & Pao (1967), Gourgiotis et al. (2013) and
Morini et al. (2013).
In discrete elastic systems, Rayleigh waves were analysed in the works of
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Slepyan (2001), (2002), (2010) and Marder & Gross (1995) in the framework
of dynamic fracture for uniform materials. The investigation of Slepyan (2001)
describes how the angular velocity associated with Rayleigh waves varies with
the wavenumber in a triangular lattice and shows the dispersive behaviour of
surface waves in the discrete medium. Localised boundary waves propagating
along crack faces in discrete systems may contribute to high crack face defor-
mations, surface roughening and crack bridging (see the works by Mishuris &
Slepyan (2014), Ayzenberg-Stepanenko et al. (2014) and Gorbushin & Mishuris
(2018)). As shown by Nieves et al. (2013) and Piccolroaz et al. (2020), these
effects can be suppressed or enhanced when anisotropy and dissimilarity are
introduced into the lattice.
Further, we mention that the asymptotic treatment of surface and interfacial
waves in elastic and flexural materials can provide greater insight into their
behaviour as demonstrated in the survey conducted by Kaplunov & Prikazchikov
(2017). Asymptotic approaches have also played an important role in modelling
surface waves for coated elastic materials, which are of high practical importance
in the design of composites for engineering applications. Some examples, where
the analytical treatment of such problems can be found, include the work of
Kaplunov et al. (2019), who considered interfacial resonances between an elastic
half-space coated by a thin elastic layer with a clamped surface, and Fu et al.
(2020), where surface resonances for anisotropic half-spaces with stratified and
elastic coatings have been studied.
Here, we focus the attention on elastic gyroscopic systems, where the gyro-
scopic effect is produced by the mechanical action of gyroscopic spinners, that
couple the in-plane displacements of the medium. The first model of a gyroscopic
elastic lattice in which each nodal mass is connected to a gyroscopic spinner was
proposed by Brun et al. (2012). The gyroscopic effect can be employed to tune
the frequency at which dynamic anisotropy is observed, as shown in the work
of Carta et al. (2014), to create extremely localised waveforms as demonstrated
by Carta et al. (2017), to force waves to propagate along a preferential direction
illustrated in the works of Nash et al. (2015),Süsstrunk & Huber (2015),Wang
et al. (2015),Garau et al. (2018),Mitchell et al. (2018),Lee et al. (2018),Carta
et al. (2019a), Garau et al. (2019), Carta et al. (2020) and to design cloaking
devices to hide the presence of an object in continuous and discrete elastic sys-
tems. Concerning the latter, see the studies conducted by Brun et al. (2012)
and Garau et al. (2019). Furthermore, Del Vescovo & Giorgio (2014) have
shown that gyroscopic coupling can be used in the design of controlled smart
structures that optimise the dissipation of mechanical vibration energy.
The analysis in Garau et al. (2019) was motivated by the need to understand
the effective transient influence of a gyroscopic spinner on an elastic discrete
system. An asymptotic analysis of the time-dependent equations, involving the
combination of Euler equations for the gyroscopic spinner with the lattice’s
equations of motion, revealed that the gyroscopic coupling effect is dominated
by a quantity called gyricity, which is the sum of the initial precession and spin
rates. It is important to emphasize that the gyricity is a constant parameter,
that is independent of the radian frequency of the lattice. A similar model
was developed by Carta et al. (2018) and Nieves et al. (2018) to describe the
coupling at the connection of an Euler-Bernoulli beam with a gyroscopic spinner.
These recent analyses are relevant since they describe the dynamic behaviour of
two-dimensional gyroscopic elastic systems. In particular, the dispersion curves
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Figure 1: Total displacement amplitude field in the elastic lattice with (a) Ω∗ = 0 and
(b) Ω∗ = 1, where Ω∗ denotes the effective gyricity of the gyroscopic spinners, described in
detail in Section 2. In each inset, the arrow indicates the time-harmonic force applied on the
boundary of the medium.
remain symmetric with respect to the wavenumber components k1 and k2, and
are parabolic in the low-wavenumber regime.
In this work, we analyse the propagation of Rayleigh waves on the free
boundary of a two-dimensional gyroscopic elastic triangular lattice. We study
the effect of the gyricity of the spinners on the dispersion curves and asso-
ciated eigenmodes of the discrete system and we compare the results with a
low-frequency asymptotic continuum model with distributed gyricity. The dis-
persion analysis developed for the discrete medium is also complemented with
the numerical study of the behaviour of the lattice under an external force. The
solutions to the forced problem show that gyricity can be used to break the sym-
metry in the response of the medium. This result is of paramount importance,
as it can be exploited in engineering applications to design energy splitters,
capable of channelling large amounts of energy along prescribed directions.
As an example, Figs. 1(a) and 1(b) illustrate the total displacement field
in a forced lattice without and with gyroscopic spinners, respectively. In part
(a), this field is clearly symmetric with respect to the point of application of
the force. On the other hand, the presence of gyroscopic spinners in the system
breaks the symmetry and induces preferential directionality in the medium, as
shown in part (b).
The non-symmetric response of the lattice highlighted in Fig. 1(b) is linked
to the non-reciprocity of the system due to the gyroscopic effect, which is for-
mally demonstrated in the present paper. The idea of connecting gyroscopic
spinners to a discrete system in order to generate unidirectional edge or interfa-
cial waves has been proposed by Nash et al. (2015),Wang et al. (2015),Garau
et al. (2018),Mitchell et al. (2018),Lee et al. (2018) and Garau et al. (2019) for
hexagonal and kagome configurations. In the present paper, the mass points are
arranged in a triangular lattice pattern and the attention is focused on Rayleigh
surface waves. A similar analysis has been very recently proposed in the work
of Zhao et al. (2020), who have simultaneously worked on a similar model.
Here, after the analysis developed by Garau et al. (2019), we show that the
non-reciprocity of the system cannot be linked to the lack of symmetry of the
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Rayleigh dispersion curves, which remain symmetric, but to a different physical
aspect. In fact, the analytical description of the waves propagating in opposite
directions along the free boundary shows that their group velocities, namely
the velocities of energy propagation, are the same, but the amplitudes and the
elliptical trajectories of single masses are different.
We also report the work of Long et al. (2018) in which, exploiting the spin na-
ture of longitudinal waves and the hybrid spin of mixed transverse-longitudinal
waves, it is demonstrated that unidirectional Rayleigh waves can be produced
by imposing circularly polarized elastic loads in elastic system with no gyricity.
We note that such remarkable effect is not associated with non-reciprocity, but
with the excitation of modes that propagate in different directions with opposite
spins.
The paper is organised as follows. In Section 2, we present the formula-
tion of the problem and we derive the explicit form of the dispersion relation
for Rayleigh waves in a gyroscopic lattice. In Section 3, we discuss how the
dispersive curves of the discrete system are affected by gyricity. Furthermore,
we analyse the eigenmodes of the system and the displacements of the lattice
particles as the wavelength and the gyricity are varied. In Section 4, we present
the analysis for the continuum approximation of the gyroscopic lattice, and
we compare the outcomes of the continuous and discrete systems. The formal
demonstration of non-reciprocity is given for the continuum. In Section 5, we
study numerically the response of the lattice to a concentrated force on the
boundary and we demonstrate the non-symmetric propagation of the energy
flow. Finally, in Section 6 we provide some concluding remarks.
2 Rayleigh waves in an elastic lattice attached
to gyroscopic spinners
We consider an infinite two-dimensional array of particles with mass m, ar-
ranged in a triangular pattern. The particles are connected by elastic springs
of stiffness γ and length L. Each particle is also connected to a gyroscopic
spinner, as shown in Fig. 2(a), where the nutation, precession and spin angles
are indicated by θ, φ and ψ, respectively. The gyroscopic spinner couples the
displacement components in the x1- and x2-directions of the lattice particle to
which it is attached. Here, it is assumed that the nutation angle of the gyro-
scopic spinner is small. All the gyroscopic spinners of the system are identical
having length l, moments of inertia I1 and I0 (about the axis of revolution and
the two perpendicular axes, respectively) and gyricity Ω. As derived analyti-
cally by Carta et al. (2018),Nieves et al. (2018), the gyricity is an independent
constant parameter, given by the sum of the initial precession and spin rates,
namely Ω = φ̇+ ψ̇ = Const.
2.1 Governing equations in the bulk of the semi-infinite
medium
We start by analysing the bulk of the semi-infinite lattice, where each particle
is identified by the multi-index n = (n1, n2)
T (see Fig. 2(b)). Taking into
account the assumption of small nutation angle, the equations of motion for the
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Figure 2: (a) Gyroscopic spinner, hinged at its base and attached to a lattice particle at
its tip; the spinner’s configuration is defined by the Euler angles θ, φ and ψ, representing the
nutation, precession and spin angles, respectively. (b) Infinite periodic system, consisting of
particles linked by elastic springs and connected to gyroscopic spinners. The grey area is the
unit cell. (c) Semi-infinite lattice with a free boundary at n2 = 0, supporting Rayleigh waves.
displacements of the lattice particles are expressed in linearised form following






















where u(n) = u(n)(t) = (u1(t,n), u2(t,n))
T is the displacement vector (that is a
function of time t) for the particle associated with the multi-index n = (n1, n2)
T,
m∗ = m(1 + I0/(ml
2)) is the effective mass taking into account the spinner’s
contribution and α = I1/(I0 +ml
2). Moreover,
a(1) = (1, 0)T , a(2) = (1/2,
√










In the time-harmonic regime, the displacement vector is given by
u(n1,n2) = U (n1,n2)e−iωt , (4)
where ω is the radian frequency and U (n1,n2) is the complex amplitude to be
determined.
Since we are interested in Rayleigh waves, we study the scenario where waves
propagate along the boundary of the half-plane n2 ≥ 0 (see Fig. 2(c)) and
decay in the direction perpendicular to the line n2 = 0. Accordingly, we seek
the displacement amplitudes in the form
U (n1+p1,p2) = U (n1,0)ei(p1+p2/2)k1LΛp2 , (5)
where p = (p1, p2)
T is a multi-index and k1 is the component of the wave vector
associated with wave propagation in the x1-direction. In addition, Λ is such that
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|Λ| < 1 for p2 ≥ 1, allowing also for the case of complex Λ where exponential
decrease in the wave amplitude can occur with oscillations.
Next, we introduce the normalisations
x = x̃L , u = ũL , U = ŨL , k1 = k̃1/L ,
t = t̃
√
m∗/γ , ω = ω̃
√




where the tilde denotes a dimensionless quantity. In going forward we omit the
symbol tilde for ease of notation and assume that all the variables appearing
are dimensionless. Under these normalisations, the governing equations (1) in
the time-harmonic regime become





















2.2 Solution to the problem of surface waves in the bulk
Using (2) and (5), the governing equations (7) take the form of the homogeneous
system






















































Here, Ω∗ = αΩ denotes the “effective gyricity”.














































The biquadratic equation for Λ in (10) has four solutions. In view of the fact
that solutions for Λ should take values inside the unit disk in the complex plane






gj + 1 +
√
gj − 1
, j = 1, 2 , (12)
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where
gj = −a+ (−1)j−1
√
a2 − b , j = 1, 2 . (13)
The remaining solutions Λ3, Λ4 are found through Λj+2 = Λ
−1
j , j = 1, 2.

































, j = 1, 2 . (15)
2.3 Surface waves along the boundary of the semi-infinite
medium
Now, we concentrate on the unconstrained nodes along the free boundary of the
semi-infinite lattice in Fig. 2(c), defined by n2 = 0. In this case, the governing
equations for the nodes along the boundary are



















, n1 ∈ Z .
(16)
Using the results of Section 2.1, the displacement amplitude vector for n2 > 0
can be expressed by
U (n1,n2) = U0Λ
n2C , (17)
where C = (C1, C2)
T,
U0 = (U(Λ1),U(Λ2)) (18)
is a 2× 2 matrix, and
Λ = diag(Λ1,Λ2) . (19)
It remains to identify the condition for the non-trivial coefficients Cj , j = 1, 2,
and simultaneously extend this representation to n2 = 0 by satisfying (16).
The preceding solutions (17) satisfy the bulk equations (7). Hence, the equa-
tions (16) for the free boundary can be converted into a form that physically








eik1/2U (n1,−1) −U (n1,0)
)
a(3) = 0 .
(20)
Substituting (17) into (20), we obtain the homogeneous system







































































By imposing detM2 = 0, we derive the equation
√
3 (h1 − h2)
[












(Λ1 − Λ2) (1− 3h1h2) = 0 .
(23)




























which represents the dispersion relation for Rayleigh waves in the semi-infinite
triangular lattice with gyroscopic spinners. We note that when Ω∗ = 0 the








derived by Slepyan (2001) and (2002) for the analysis of Rayleigh waves in a
triangular lattice without gyroscopic spinners.
3 Dispersion properties of Rayleigh waves in the
semi-infinite gyroscopic lattice
3.1 Dispersion diagrams
The dispersion curves given by (24) are shown in Fig. 3 for different values of
the effective gyricity Ω∗. In particular, the grey solid line represents the case
when the effective gyricity is zero, while the black dotted, dashed and solid lines
correspond to Ω∗ = 1, 2 and 3, respectively. All the curves are symmetric about
the axis k1 = 0 and 2π-periodic.
From Fig. 3 it can be noticed that the effective gyricity Ω∗ induces dispersion
at the origin. In particular, when Ω∗ = 0 the dispersion curve is linear at the
origin with positive group velocity for k1 > 0 and negative for k1 < 0; when
Ω∗ 6= 0, the behaviour is parabolic at the origin with group velocity equal to zero.
This observation is confirmed by comparing the asymptotic approximations of



























1) , when Ω
∗ 6= 0 .
(26)
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Figure 3: Dispersion curves associated with Rayleigh waves in semi-infinite elastic lattices,
connected to gyroscopic spinners with different values of the effective gyricity Ω∗, specified in
the inset.
In addition, we observe the softening effect of the gyricity with a reduction
of the width of the pass-band as the effective gyricity is increased. For any value
of Ω∗, the maximum of the dispersion curve is attained at k1 = π+2nπ (n ∈ Z)
and is given by











− 6 , (27)
which is a monotonically decreasing function of Ω∗, with the limit max(ωR)→ 0,
when Ω∗ →∞.
3.2 Eigenvectors and trajectories of the lattice particles



















The horizontal and vertical displacements of a lattice particle on the free bound-






= URj cos (ωRt) + U
I
j sin (ωRt) (j = 1, 2) , (29)
where URj = Re(Uj) and U
I
j = Im(Uj).
From (29), we know that the trajectory of a lattice particle associated with
Rayleigh waves is an ellipse. The canonical equation of an ellipse has the form
B11x
2
1 − 2B12x1x2 +B22x22
detB
= 1 , (30)
with a symmetric 2 × 2 matrix B to be now determined. Making use of (29),
the components of the matrix B = BT are expressed by (see also the study
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where Ū2 is the complex conjugate of U2. The eigenvalues ζ± and eigenvectors









 B11 −B22 ±√tr2B − 4 detB−2B12
1
 , (33)
respectively. Accordingly, the lengths of the minor and major semi-axes of the





The ratio of the length ξ− of the minor semi-axis to the length ξ+ of the major
semi-axis is useful to determine the shape of the trajectory of a lattice particle
on the free boundary. Of course, the ratio ξ−/ξ+ ∈ [0, 1]. When ξ−/ξ+ = 0 the
trajectory is a straight line, while when ξ−/ξ+ = 1 the trajectory becomes a
circle.
Surprisingly, we have found that B12 = 0 for any value of the wavenumber
k1 and the effective gyricity Ω
∗. Accordingly, the principal directions of the
ellipse are aligned with the axes x1 and x2. We denote by ξ1 and ξ2 the lengths
of the semi-axes along x1 and x2, respectively. Fig. 4 shows how the ratio ξ1/ξ2
depends on the wavenumber k1, for different values of the effective gyricity Ω
∗.
The solid grey line represents the case when the effective gyricity is zero.
This curve is symmetric with respect to the axis k1 = 0. The maximum value is
reached at k1 = 2nπ (n ∈ Z) and is given by max(ξ1/ξ2)|Ω∗=0 ' 0.68, indicating
that the motion of the masses in the ordinary lattice follows an elliptic trajectory
with the major axis aligned with x2. For k1 = π + 2nπ (n ∈ Z) the ratio
ξ1/ξ2 = 0, which implies that the particle oscillates only along x2 .
The introduction of gyroscopic spinners into the system changes the be-
haviour of the medium dramatically. First of all, the curves cease to be sym-
metric with respect to the axis k1 = 0. At k1 = 2nπ (n ∈ Z) we observe a jump
in the ratio ξ1/ξ2 from 0 to approximately 1.22. For any value of Ω
∗, there is a
wavenumber for which ξ1/ξ2 = 1, corresponding to the case when the trajectory
is a circle. The value of k1 for which ξ1/ξ2 = 1 slowly varies with change of Ω
∗;
in the limit when Ω∗ →∞, k1 ' 0.432.
4 Continuum approximation
We now inspect the continuous approximation of the preceding elastic lattice
problem; it corresponds to the case where the wavelength is much larger than
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Figure 4: Ratio between the lengths of the semi-axes of the trajectory of a lattice particle
situated on the free boundary, calculated as a function of the wavenumber k1 and for differ-
ent values of the effective gyricity Ω∗, specified in the diagram. Some instances of possible
trajectories are included in the figure.
the distance between mass points. The objective is to get insights of the effect
of gyricity on the classical Rayleigh surface wave.
In the low-wavenumber regime k1 ∼ 0, the equations of motion (1) are
approximated by the continuous equations
ρ∗ü = (λ+ µ)∇(∇ · u) + µ∆u− ρ∗Ω∗Ru̇ , (35)
where, with a slight abuse of notation, u = (u1, u2)
T
is now the displacement,
which is a continuous function of the coordinate x = (x1, x2)
T
and time t. Here,
λ and µ are the Lamé moduli, ρ∗ is the effective density, Ω∗ the effective gyricity
and R the rotation tensor defined in (3). The Lamé moduli and the density are
related to the constants of the triangular lattice as follows:








with a Poisson’s ratio ν = 0.25 and out-of-plane thickness s = 1 m. We note
that, except for the last term in (35), the asymptotic expression (35) is standard
(see, for example, the work of Gonella & Ruzzene (2008)).
In the time-harmonic regime, with u(x, t) = U(x)e−iωt, (35) take the form
(λ+ µ)∇(∇ ·U) + µ∆U + ρ∗ω2U + iρ∗Ω∗ωRU = 0 , (37)
where ω is the radian frequency, U(x) is the complex amplitude to be deter-
mined.
We introduce the in-plane volumetric deformation εV = ∇ ·U , the in-plane
clockwise rotation θ̂ = (U2,1 − U1,2)/2 and the deviatoric part εD = ε− εV I/2









with I the identity tensor and Ui,j = ∂Ui/∂xj (i, j = 1, 2). Then, ad hoc traces















































are the zero-gyricity pressure and shear velocities. From (39) we note that
the gyricity couples volumetric deformations and rotations, while, for Ω∗ =
0, the classical uncoupled homogeneous Helmholtz equations govern the wave
propagation (see, for example the textbook by Graff (1975), Chapter 5.1.2).
4.1 Demonstration of the non-reciprocity of the continu-
ous gyroscopic medium
The law of reciprocity in elastodynamics identifies a symmetry between action
and reaction in solids. Reciprocity is expressed by the classical Betti’s theorem
(see the classical paper by Betti (1872)) in elastostatics and it was extended to
elastodynamics by Graffi (1946), who implemented a convolution between two
elastic states. In a simpler form, independent of initial conditions, reciprocity
states that the frequency-response functions between any two material points
remain the same after swapping source and receiver. Here, we demonstrate
the non-reciprocity of the gyroscopic elastic system in the transient regime by
considering homogeneous initial conditions and zero body forces in order to
focus only on the effect of gyricity. Results can be directly extended and are
valid when applied loads and non-zero initial conditions are considered.
We consider two different displacement solutions u(p)(x, t), p = 1, 2, where
displacements u(p) satisfy the transient governing equation (35). Displacements
u(p)(x, t) are associated to deformations ε̂(p)(x, t) and stresses σ̂(p)(x, t) by
means of classical kinematic compatibility (38) and linear elastic and isotropic
constitutive relations
σ̂(p)(x, t) = λtr(ε̂(p))I + 2µε̂(p), p = 1, 2 , (42)
with tr the trace operator. ∗
In order to check reciprocity, we select an arbitrary domain V , with boundary













◦ u(1)dA , (43)
∗Note that isotropy is not an essential part with regard to reciprocity.
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where ◦ indicates the time convolution g ◦ h =
∫ t
0
g(x, t− τ)h(x, τ)dτ . In what
follows, where this convolution appears, we note that the product of g and h in
the integrand utilises scalar or tensor products where relevant.





















(∇ · σ̂(1)) ◦ u(2) dV +
∫
V
σ̂(1) ◦ ∇U (2)dV =∫
V
[





σ̂(1) ◦ ε̂(2)dV ,
(44)
where we made use of the symmetry of the stress tensor in the first, third
and fourth equality. Then, the second equality is a standard application of the
divergence theorem. Lastly, the constitutive relation (42) and the kinematic
compatibility (38) is applied to express ∇· σ̂(1) in term of the displacement field
u(1).
From the governing equation (35), it is evident that[







and we note that, for homogeneous/zero initial conditions,






= u(1) ◦ ü(2) , (46)
and






















= −Ru̇(2) ◦ u(1) .
(47)
Returning back to the last integrand in (44)









◦ ε̂(1) = σ̂(2) ◦ ε̂(1) = σ̂(2) ◦ ∇u(1) ,
(48)
since I : ε̂(p) = tr( ˆε(p)), with p = 1, 2.
An analogous computation can be done for the second integral in (43) by
simply commuting the indexes 1 and 2. In doing so, it is evident that analogous
terms to (48) and (46) will cancel out in (43).




ρ∗Ω∗Ru̇(2) ◦ u(1)dV (49)
which is generally non-zero. This proves that the gyroscopic medium is non-
reciprocal.
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4.2 Dispersion relation in the bulk
Now, we investigate the dispersive behaviour of the gyroscopic continuum. The
solution of (37) is sought in terms of dilatational and distortional potentials ϕ(x)
and χ = (0, 0, χ(x))T , respectively, such that the displacement U = ∇ϕ+∇×χ.
Therefore, (37) take the form
∇
[(






























ϕ = 0 .
(51)
In a similar way to (5), we implement in (51) the solutions
ϕ(x1, x2) = D1e
−ηx2eik1x1 , χ(x1, x2) = D2e
−ηx2eik1x1 , (52)
which lead to the homogeneous system

































Non-trivial solutions of (53) are obtained by setting detM3 = 0, which yields
the biquadratic equation in η:







= 0 , (56)


















ηj+2 =− ηj , j = 1, 2 .
(57)
Among the four solutions we consider the two positive ones, η1 > η2 > 0,
associated with a decaying amplitude for x2 > 0, which represents the considered




























)2− 12 . (58)
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Figure 5: Semi-infinite gyroscopic continuum, characterised by Lamé moduli λ and µ, effec-
tive density ρ∗ and effective gyricity Ω∗, having a traction-free boundary at x2 = 0.



































In passing, we also note that plane waves in the bulk can be obtained by






























∗ = 0, expressions (60) reduce to the classical zero-
gyricity solutions









4.3 Surface waves in the semi-infinite continuous medium
In the semi-infinite continuous medium (x1, x2) ∈ R2+ = {(x1, x2) : x1 ∈ R, x2 ≥
0} (see Fig. 5), free-boundary conditions are applied at x2 = 0. They are
expressed in terms of Cauchy stress components
σ12(x1, 0) = µ(U1,2 + U2,1) =µ(2ϕ,12 + χ,22 − χ,11) = 0 ,
σ22(x1, 0) = λU1,1 + (λ+ 2µ)U2,2 =(λ+ 2µ)∆ϕ− 2µ(ϕ,1 + χ,2),1 = 0 .
(62)

















which can be implemented into the boundary conditions (62) to give, after
algebraic manipulations, the homogeneous system
M4E = 0 , (64)
where
M4 =
 (η21 + k21)A(1) − 2ik1η1 (η22 + k21)A(2) − 2ik1η2(1− ν)η21 − νk21
1− 2ν
+ ik1η1A





and E = (E1, E2)
T. Then, non-trivial solutions of the system (64) are obtained
by setting detM4 = 0, which yields the dispersion equation for Rayleigh waves,



































































Interestingly, for the continuous analogue of the triangular lattice (ν = 0.25),
it is possible to find the following explicit solution:
ωCR =
√√√√12 c2s k21 + 3(Ω∗)2 −√48 c4s k41 + 72 c2s k21 (Ω∗)2 + 9(Ω∗)4
6
. (68)
Note also that, when Ω∗ = 0, (66) reduces to the well-known dispersion
relation governing Rayleigh waves in a non-gyroscopic linear elastic isotropic
































3 ' 0.919402 . (70)
For the interested reader, the solutions of (69) for any value of the Poisson’s
ratio are reported in Appendix A.
The Rayleigh dispersion curve ωCR in (68), together with the dispersion curves
ω1 and ω2 in (60) for bulk waves, indicate a dispersive behaviour. We note that
ω2 < ω1 and ω
C
R < ω2 for all k1 6= 0, as in the classical case for Ω∗ = 0. In
addition, the upper dispersion curve ω1 has the lower cut-off frequency ω = Ω
∗.
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Furthermore, dispersion curves remain symmetric in k1, as also evidenced in
(68). Thus, it is important to stress that non-reciprocity cannot be attributed
to a lack of symmetry of the dispersion curves, but to the non-symmetric eigen-
modes, as shown in Figure 4.
It is also of interest to analyse the dispersive behaviour when the gyricity
is linked to the radian frequency, as studied by Brun et al. (2012), Carta et
al. (2014), namely Ω∗ = αω (a restrictive assumption that was removed in the
works of Carta et al. (2018),Nieves et al. (2018),Garau et al. (2019)). In such
a case, by repeating the analysis developed in Sections 4.2 and 4.3, it has been
checked that the dispersion curves for Rayleigh waves maintain the symmetry
with respect to k1, independently of the value of the coupling parameter α. In
particular, for the continuous analogous of the lattice, the explicit solution can
be found by solving eq. (68), with Ω∗ = αω. Such solution, valid for every











These analytical results are in contrast with the numerical findings of Zhao
et al. (2020)† (see, in particular, Fig. 7 and the discussion in Section 4.3
presented there), as (71) shows the dispersion curves are symmetric about the
zero wavenumber, while in Zhao et al. (2020) they are not. We emphasise
that the non reciprocal effect cannot be attributed to a lack of symmetry of the
dispersion curves.
4.4 Discrete vs Continuum
In Fig. 6 the results for the lattice and the continuum approximation are com-




















k1 , when Ω














1) , when Ω
∗ 6= 0 .
(73)
Such results confirm that the dispersive behaviour of the gyroscopic medium
is parabolic for k1 → 0, as in the case of flexural waves in Euler-Bernoulli beams
or Kirchhoff plates. The comparative analysis between the asymptotic results
in (26) and (73) shows that the continuum approximation is exact up to second
order in k1.
4.5 Eigenvectors and trajectories of the particles on the
surface of the gyroscopic continuum
Considering the continuum approximation of the triangular lattice (ν = 0.25),
the displacement amplitudes on the surface x2 = 0 are given by (see (65) and
†The parameter α in (71) corresponds to α/ρ in Zhao et al. (2020).
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Figure 6: Dispersion curves for Rayleigh waves in a gyroscopic medium. Plain and dashed
lines correspond, respectively, to the triangular lattice (eq. (24)) and to the continuous ap-
proximation (eq. (68)), respectively. In part (b) a magnification of part (a) in the range
k1 ∈ [−1, 1] is presented. The additional dot-dashed and dotted lines correspond to the
second- and fourth-order approximations of the dispersion curve of the lattice (eq. (26)),















Referring to the equation (30) of an ellipse, since U2 = (|U2|/|U1|)U1e±iπ/2,
it turns out that the trajectory of any particle on the free surface is an ellipse,
with principal axes aligned with x1 and x2 and having lengths equal to |U1| and
|U2|, respectively.


















As in the discrete case, the trajectory is an ellipse with principal axes aligned









= 0.68125 . (76)
The ratio between the lengths of the semi-axes along x1 and x2, denoted
as ξ1/ξ2 as in Section 3.2, is shown in Fig. 7(a) for the same values of Ω
∗
considered in Fig. 4. We note that in the limit when k1 → 0, the values of the
ratio ξ1/ξ2, for both Ω
∗ = 0 and Ω∗ 6= 0, coincide with those obtained for the
triangular lattice, reported in Fig. 4 (see comparison in Fig. 7(b)). The same
lack of symmetry around k1 = 0 is retrieved, with oscillations only along x2 for
k1 → 0−.
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Figure 7: (a) Ratio between the lengths of the semi-axes of the elliptical trajectories of the
particles on the free surface of the gyroscopic continuum, calculated for different values of the
effective gyricity Ω∗; (b) comparison of the ratios ξ1/ξ2 in the lattice and in the continuum,
evaluated for Ω∗ = 0 and Ω∗ = 1.
5 Response of the lattice half-plane to a time-
harmonic force applied on the boundary
In this section, we study the dynamic behaviour of the gyro-elastic lattice sub-
jected to a time-harmonic loading imposed on the boundary. We will show that
the main effect of the gyricity is to break the symmetry of the lattice response
and create preferential directionality in the energy radiated from the external
source.
We recall that Fig. 3 is useful to describe the propagation of Rayleigh waves
supported along the lattice boundary in the time-harmonic regime. It is also
valuable in studying the time-harmonic response of the lattice when the bound-
ary is loaded. In this case, the dispersive analysis of Rayleigh waves is associated
with the behaviour of the boundary when observed at a sufficiently large dis-
tance from the load. In particular, Fig. 3 can be used to specify the direction
in which Rayleigh waves propagate relative to the load. This follows as a direct
consequence of the causality principle (see the book of [Slepyan (2001)], Sec-
tions 3.3.2 and 3.3.3), which may be employed to show that waves propagating
to the right of the load have positive group velocity, while waves propagating
to the left have negative group velocity. Hence, comparing Fig. 3 with Fig. 4,
we deduce that the elliptical trajectories corresponding to positive (negative)
wavenumbers are observed to the right (left) of the force, where the size of the
trajectory is scaled by the forcing amplitude. Additionally, for positive gyricity,
the trajectories in Fig. 4 for wavenumbers with the same magnitude but oppo-
site sign are different. Accordingly, we expect non-symmetric lattice response
along the boundary sufficiently far from the load.
5.1 Governing equations of the forced lattice
In the bulk of the medium, the governing equations for the displacements of
the lattice particles are still given by (7). Conversely, for the nodes along the
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boundary, the equations of motion (16) become:

















+ P δ(n1,0) , n1 ∈ Z ,
(77)
where the force has (normalised) amplitude vector P . According to the nor-
malisation introduced in Section 2.1, the dimensional amplitude vector of the
force is given by γLP . We also recall that Ω∗ = αΩ is the effective gyricity and
δ(i,j) = δij denotes the Kronecker delta.
The forced problem defined by (7) and (77) is solved with a finite element
code developed in Comsol Multiphysics (version 5.4). The results of the numer-
ical simulations are presented in the next Section.
5.2 Effect of gyricity on the displacement field in the lat-
tice
Figure 8 shows the total displacement amplitude in each node of the elastic
lattice. In parts (a) and (b) the effective gyricity is zero, while in parts (c)
and (d) Ω∗ = 1. The external force is applied on the boundary and acts in the
horizontal (vertical) direction in parts (a) and (c) (parts (b) and (d)). In each
of the four cases considered, the force has unit amplitude and radian frequency
ω0 = 0.8. “Adaptive Absorbing Layers” (AAL) are introduced into the model.
They consist of links with complex elastic modulus, which damp the amplitudes
of waves propagating to the limits of the domain and prevent reflection of waves
at the boundaries.
Comparing parts (a) and (b) with parts (c) and (d) in Fig. 8, it is apparent
that gyricity breaks the symmetry in the response of the medium to the exter-
nal loading. The non-symmetry of the total displacement amplitude field with
respect to the vertical line passing through the point of application of the force
is more evident when the force acts in the horizontal direction (see part (c)).
A quantitative estimate of this observation will be addressed in Section 5.3 by
calculating the energy flow.
The results of Fig. 8 show that the external excitation produces both
Rayleigh waves, travelling along the surface of the medium, and waves prop-
agating into the bulk, the amplitudes of which are larger in correspondence of
specific rays emanating from the external source, located at 60◦ and 120◦ to the
positive horizontal axis. We also note that in part (a) (part (b)) the waves are
mainly of shear (pressure) type. When gyricity is introduced into the system,
the wavelength is decreased, since for the same frequency the wavenumber is
larger when Ω∗ = 1 with respect of the case when the effective gyricity is zero
(see the dispersion diagram in Fig. 3).
Similar considerations can be made for Fig. 1 in the Introduction. In that
case, the radian frequency of the external force is taken as ω = 0.4. A thorough
parametric analysis involving the main parameters of the system will be carried
out in a future investigation.
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Figure 8: Total displacement amplitude field in the elastic lattice with (a,b) Ω∗ = 0, (c,d)
Ω∗ = 1. The direction of the applied force is shown by an arrow in each figure. The dashed
lines indicate the internal boundary of the region with “Adaptive Absorbing Layers” (AAL).
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Figure 9: Region of the micro-structured medium where the energy flow is computed.
5.3 Evaluation of energy flow
Here, we calculate the energy flow associated with the Rayleigh waves, propagat-
ing along the half-plane boundary of the medium, and with the waves radiated
into the bulk. In particular, we compute the energy balance in a finite region of
the elastic lattice, represented by the rectangle delimited by dashed lines in Fig.
9. This rectangle is enclosed by the half-plane boundary and by the internal
boundary ∂Ω = ∪4i=1∂Ωi, where each segment ∂Ωi connects the points Pi and
Pi+1 (i = 1, ..., 4).
The time-harmonic force P applied at the node (n1, n2) = (0, 0) furnishes




Re[P · v̄(0,0)] , (78)
where v̄(n) is the complex conjugate of the velocity v(n) = u̇(n) and Re the real
part. The energy flux rate through each segment ∂Ωi (i = 1, ..., 4) is calculated








Re[F (nj) · v̄(nj)] , (79)
where F (nj) is the total elastic force provided by the nodes outside the con-
sidered region and connected to the node denoted by nj by links that cross
the boundary ∂Ωi. The set of nodes nj positioned in the proximity of ∂Ωi is




W outi . (80)
For the same amplitude and frequency of the external force, the amount
of energy flowing through each of the four segments ∂Ωi strongly depends on
the gyricity and the direction of the force. In Fig. 10 we report the numerical
outcomes obtained from the model built in Comsol Multiphysics for two values
of effective gyricity (Ω∗ = 0 and Ω∗ = 1) and for horizontally- and vertically-
acting loads. From (79), W
(out)
i is the energy flow across the segment ∂Ωi
(i = 1, ..., 4).
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Figure 10: Energy flow percentages calculated for an effective gyricity (a,c) Ω∗ = 0 and
(b,d) Ω∗ = 1, due to a force acting in the (a,b) horizontal and (c,d) vertical direction.
When the effective gyricity is zero, the total displacement field is symmetric









3 . Of course, the distribution
of energy between vertical and horizontal boundaries depends on the direction of
the force. Conversely, for a non-zero value of the effective gyricity, the symmetry
in the energy flow is broken. In particular, we notice a clear disparity in the
symmetry for case (b), where the force acts in the horizontal direction.
The results presented in this section demonstrate that gyroscopic spinners
can be exploited to create energy splitters, namely systems that force the energy
coming from an external source to propagate non-symmetrically along prefer-
ential directions.
5.4 Non-reciprocity in the gyroscopic lattice
The introduction of gyroscopic spinners into the lattice breaks reciprocity of the
system. In order to better illustrate this statement, we present here the results
of numerical simulations performed in the transient regime.
The lattice is subjected to a force, applied at node A (or B) on the boundary,
denoted as PA (or PB) (see Fig. 11(a)). The magnitude of the force is a
function of time and is taken as P0 sin (ω0t), where P0 = 1 and ω0 = 0.8, as
in Fig. 8. The time-history of the displacement uBA (or uAB) at node B (or
A) is shown in Fig. 11(b) and 11(c) when the force acts in the x1- and x2-
direction, respectively. In all the diagrams, the green (or blue) line represents

















). For both directions of the force,
the outcomes are given when the effective gyricity is Ω∗ = 0 (diagrams on the
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Figure 11: Numerical illustration of the non-reciprocity in the gyroscopic lattice: (a) con-
centrated forces and calculated displacements at the boundary; (b) time-histories of the dis-
placements uBA (due to PA) and uAB (due to PB) when Ω∗ = 0 (left) and Ω∗ = 1 (right),
for a force acting in the horizontal direction; (c) same as in (b), but for a vertically-acting
force.
left) and Ω∗ = 1 (diagrams on the right).
From the diagrams on the left of Figs. 11(b) and 11(c), it is apparent that
when the effective gyricity is zero the system is reciprocal. On the other hand,
the diagrams on the right of Figs. 11(b) and 11(c) show that in the presence
of gyroscopic spinners the two displacements are different, hence the system is
non-reciprocal.
The complex amplitudes of the horizontal and vertical components of the
displacements uBA and uAB, calculated in the time-harmonic regime for the
cases of horizontally- and vertically-acting force, are also reported in Tables 1
25
Table 1: Amplitudes of the displacement components of points A and B in
Fig. 11(a), computed in the time-harmonic regime and due to a force of unit
amplitude and frequency ω0 = 0.8 acting in the x1-direction, for two different
values of the effective gyricity Ω∗.
Ω∗ = 0 Ω∗ = 1
point B
uBA1 0.198 + 0.180 i 0.032− 0.015 i
uBA2 0.209 + 0.035 i 0.140 + 0.098 i
point A
uAB1 0.200 + 0.171 i 0.129− 0.140 i
uAB2 −0.220− 0.034 i 0.295 + 0.245 i
Table 2: Same as in Table 1, but for a force acting in the x2-direction.
Ω∗ = 0 Ω∗ = 1
point B
uBA1 −0.221− 0.034 i −0.141− 0.097 i
uBA2 0.048 + 0.813 i 0.581− 0.663 i
point A
uAB1 0.217 + 0.034 i −0.294− 0.245 i
uAB2 0.046 + 0.810 i 0.547− 0.626 i
and 2. The data in Tables 1 and 2 are in full agreement with the results in
Fig. 11. Neglecting small numerical errors, it can be noticed that reciprocity
is retrieved when the effective gyricity is zero. The differences in sign indicate
different rotations between the particles to the left and to the right of the force,
as expected. On the other hand, the system exhibits a non-reciprocal behaviour
if gyroscopic spinners are attached to the lattice, since the amplitudes of the
displacements of points A and B are clearly very different when Ω∗ = 1.
6 Conclusions
In this contribution, we have studied the propagation of Rayleigh waves in an
elastic lattice connected to a system of gyroscopic spinners. Firstly, we have de-
rived a closed-form expression for the dispersion relation associated with surface
waves, which shows that the width of the pass-band of the system decreases as
the gyricity of the spinners is increased. Further, the study of the eigenmodes
has revealed that the shape of the elliptical trajectories of the lattice particles
is different for wavenumbers having the same magnitude but opposite sign.
Successively, the non-symmetry of the eigenvectors is investigated more com-
prehensively by solving a forced problem, where the lattice is excited by a point
force on the boundary. When gyricity is introduced into the model, the total
displacement field is not symmetric with respect to a line perpendicular to the
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boundary and passing through the point of application of the force. Quantita-
tive considerations on the energy flow through the boundaries of a region inside
the system have also shown that the preferential directionality of energy prop-
agation depends on the direction of the force as well as on the gyricity of the
spinners and the frequency of the external force.
Furthermore, a continuum approximation of the gyroscopic discrete medium
has been proposed. As for the lattice, a thorough dispersion analysis has been
performed, which has led to a closed-form dispersion equation. Moreover, even
in the continuum case it has been found that the elliptical trajectories of the
points of the medium are not symmetric with respect to the vertical axis of
the dispersion diagram. Asymptotic estimates of the dispersion relations have
shown that the continuum approximation is exact up to the second order in the
wavenumber. A formal demonstration of the non-reciprocity property is given
for the continuum case. It has also been shown that non-reciprocity results from
the asymmetry of the internal eigenmodes, but not on the dispersion curves
which remain symmetric.
The gyroscopic system studied in this paper can have important applications
in many fields of engineering. In particular, the possibility of breaking the
symmetry of energy propagation can be exploited to design special devices that
divert the energy coming from an external source to prescribed directions on
the boundary or in the bulk of a system.
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Appendix A. Explicit solution for the phase ve-
locity of Rayleigh waves in a non-gyroscopic con-
tinuum
Here, we present the explicit solution of (69), which gives the speed of Rayleigh
waves on the surface of a continuum without gyricity. This solution is unexpect-
edly missing in many classical textbooks, and it was firstly published in closed
form by Rahman & Barber (1995). The expression for the speed of Rayleigh
waves will be given in a different and more concise form in the following; for a
thorough study of the problem, the reader is encouraged to refer to the papers
by Hayes & Rivlin (1962) and Rahman & Barber (1995).
Denoting the speed of Rayleigh waves by cR and squaring both sides of (69),























= 0 . (A.1)
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By introducing the quantities N = (1− ν)/(1− 2ν) = c2p/(2c2s) and Y = c2R/c2s,
the equation (A.1) can be written in the form
Y
[











= 0 . (A.2)
Since Y = 0 is not an admissible solution, we need to solve a cubic equation in
Y .
The Poisson’s ratio of linear isotropic elastic media lies in the range (−1, 0.5).
In this interval, the only acceptable solution Y = c2R/c
2


























































≤ ν < 1
2
(3 ≤ N <∞) ,
(A.3)
where





f2(N ) = 44N 6 − 124N 5 + 107N 4 − 32N 3 .
(A.4)
We note that f1(N ) < 0 when N < 3, while f1(N ) > 0 when N > 3. Fur-
thermore, we observe that the cubic equation in (A.2) has three real roots for
ν < ν∗ (N < N ∗), where ν∗ ' 0.263 (N ∗ ' 1.555) is a root of f2(N )/N 3.
The ratio cR/cs, given by the positive square root of (A.3), is plotted as a
function of ν in Fig. A.1. We point out that for positive values of the Poisson’s
ratio, Fig. A.1 coincides with the diagram on the right of Fig. 6.8 in the book
of Graff (1975).
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Figure A.1: Ratio between the speed of Rayleigh waves cR and the speed of shear waves cs,
calculated in the interval −1 < ν < 0.5. The vertical line ν = 0.4 indicates the value of the
Poisson’s ratio where the expression of the ratio cR/cs changes (see (A.3)).
.
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